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Abstract
We show that Wigner’s infinite spin particle classically is described
by a reparametrization invariant higher order geometrical Lagrangian.
The model exhibit unconventional features like tachyonic behaviour
and momenta proportional to light-like accelerations. A simple higher
order superversion for half-odd integer particles is also derived. Inter-
action with external vector fields and curved spacetimes are analyzed
with negative results except for (anti)de Sitter spacetimes. We quan-
tize the free theories covariantly and show that the resulting wave
functions are fields containing arbitrary large spins. Closely related
infinite spin particle models are also analyzed.
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1 Introduction
When Wigner [1–3] classified representations of the Poincare´ group, he in-
vestigated the two Poincare´ invariants pµp
µ and wµw
µ where wµ is the Pauli-
Lubanski vector defined by
wµ ≡ 1
2
εµνρσmνρpσ, (1.1)
where mµν and pµ are the Poincare´ generators and ε
µνρσ the totally antisym-
metric tensor. If pµ is the four momentum of the particle, pµp
µ is minus the
mass squared (p2 = −m2) for our choice of Minkowski metric (see below).
For irreducible representations we have then w2 = m2s(s + 1), where s is
the spin of the particle. For massless particles Wigner showed that apart
from the natural representations, p2 = w2 = 0, there are representations
for which p2 = 0 but w2 = Ξ2, where Ξ is a real, positive constant. These
representations were called the continuous spin representation in [2] and the
infinite spin representation in [3]. Wigner showed that it contains all he-
licities from −∞ to ∞. In [2] two representations were given in terms of
covariant field equations: one for integer spins denoted 0(Ξ) (see also [3]),
and one for half-odd integer spins denoted 0′(Ξ). To our knowledge these
representations have never been fully analyzed covariantly. In this paper we
give therefore an extensive treatment starting from the original derivations,
and in addition we construct classical geometrical particle models from the
representations in terms of which we investigate interactions with external
fields including gravity. We also investigate quantum properties. We give a
simple Gupta-Bleuler quantization of the free models which we believe to be
in accordance with a correct BRST treatment.
In section 2 we present some details for the representations given in [2,3]
and generalizations. In section 3 we give the classical theory corresponding
to the main representations (the Ξ-representations). We show that they are
naturally written in terms of a simple geometrical higher order Lagrangian.
In section 4 we consider super versions of the Ξ-representations and show that
even here we have a natural higher order Lagrangian involving odd Grass-
mann variables. In section 5 we then consider interactions with an external
vector field and curved spacetimes. Although the results are negative we find
consistent models in (anti)de Sitter spacetimes provided Ξ = 0. In view of
the latter results we give in section 6 some details of the modified models
which only are possible when Ξ = 0. In section 7 we quantize the various
free models covariantly using a Gupta-Bleuler technique demonstrating con-
nections to higher spin fields. Finally in section 8 we conclude the paper. A
1
complete survey of the constraints and their Poisson algebras considered in
the text is given in appendices A and B.
2 Wigner’s Ξ-representation
In accordance with the treatment in references [2, 3] we consider a relativis-
tic particle described by the coordinates xµ and momenta pµ, µ = 0, 1, 2, 3,
together with an internal vector ξµ and its conjugate momentum piµ. The
Lorentz’ indices are raised and lowered by the spacelike Minkowski metric
ηµν , diag ηµν = (−1,+1,+1,+1). After quantization they satisfy the com-
mutation relations (the nontrivial part)
[xµ, pν ] = iδ
µ
ν , [ξ
µ, piν ] = iδ
µ
ν . (2.1)
The Poincare´ generators are mµν and p
µ, where mµν are the generators of
the Lorentz’ transformations given by
mµν = lµν + sµν ,
lµν = xµpν − xνpµ, sµν = ξµpiν − ξνpiµ. (2.2)
Following Wigner [1–3] we classify the representations by the properties of
the Poincare´ invariants p2 and w2 where pµ is the momentum of the particle
and wµ the Pauli-Lubanski vector (1.1) for which we have the relation
wµ ≡ 1
2
εµνρσmνρpσ =
1
2
εµνρσsνρpσ. (2.3)
(εµνρσ is the totally antisymmetric tensor with ε0123 = 1.) Notice that pµw
µ ≡
0. In particular we are interested in the massless representations where p2
is zero. This we do by looking for a physical subspace of the complete state
space in which p2 is zero and w2 a constant. In strong form these conditions
may be written as
p2|phys〉 = 0, w2|phys〉 = Ξ2|phys〉, (2.4)
where Ξ is the real, positive constant introduced by Wigner [1–3]. Using the
equality
w2 = −1
2
sµνs
µνpρp
ρ − sµνsνλpλpµ, (2.5)
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and the property (p · pi ≡ pµpiµ etc.)
−sµνsνλpλpµ = 2p2 + pi2(p · ξ)2 + ξ2(p · pi)2 − (pi · ξ)(p · ξ)(p · pi)−
−(pi · ξ)(p · pi)(p · ξ),
(2.6)
we find two natural sets of elementary constraints in the chosen variables
that solves (2.4). The first condition in (2.4) is already elementary and (2.6)
yields then from the second condition in (2.4) either i) (p · ξ)|phys〉 = 0, or
ii) (p · pi)|phys〉 = 0. In the first case the second equation in (2.4) reduces to
ξ2(p · pi)2|phys〉 = Ξ2|phys〉, (2.7)
from which we finally get the sufficient minimal set of constraints to be
χ1|phys〉 = χ2|phys〉 = χ3|phys〉 = χ4|phys〉 = 0, (2.8)
where
χ1 ≡ 1
2
p2, χ2 ≡ 1
2
(
ξ2 − F 2),
χ3 ≡ p · ξ, χ4 ≡ p · pi − Ξ
F
. (2.9)
The factors one-half are chosen for convenience (see next section). F is a
nonzero constant (or a nonzero operator commuting with p, x, pi, ξ, see later).
It may be fixed by a rescaling of pi, ξ. In the second case we find similarly
the sufficient set of constraints to be (2.8) where
χ1 ≡ 1
2
p2, χ2 ≡ 1
2
(
pi2 − F 2),
χ3 ≡ p · pi, χ4 ≡ p · ξ − Ξ
F
. (2.10)
For F = 1 the representation (2.9) is exactly the one given in [2, 3]. The
representation (2.10) is essentially equivalent to (2.9) since only ξ and pi are
interchanged.
In the derivation of such explicit representations as the above ones there
are two properties we must secure: that the complete set of constraints is
hermitian, and that they satisfy a closed commutator algebra, i.e.
[χk, χl] = iCklmχm, (2.11)
which makes (2.8) consistent. The choices (2.9) and (2.10) satisfy these
criteria and yield Cklm that are constants. The resulting theory is therefore a
3
gauge theory for which (2.11) is the Lie algebra of the gauge group. Explicitly
we have here the Lie algebra (the nonzero part)
[χ4, χ2] = iχ3, [χ4, χ3] = 2iχ1, (2.12)
for (2.10), and the same algebra with minus signs for (2.9). It is possible to
contemplate weaker conditions then (2.8) if the representations are derived
from the weak condition 〈phys|(w2−Ξ2)|phys〉 = 0. Such weaker conditions
are natural within a BRST framework and will be considered in section 7.
Going back to our derivations above one may notice that in the case when
Ξ = 0 it is sufficient to impose
p2|phys〉 = 0, (p · ξ)|phys〉 = 0, (p · pi)|phys〉 = 0, (2.13)
in order to satisfy w2|phys〉 = 0. On the other hand we may always add
further constraints like (ξ2 − C2)|phys〉 = 0, or (pi2 − C2)|phys〉 = 0, where
C is any constant (e.g. one) without violating the criteria above, i.e. the
constraints still satisfy (2.11). This case will be further treated in section 6.
3 Classical model for the Ξ-representation
In this section we treat p, x and pi, ξ as classical variables satisfying the Pois-
son bracket relations (the non-zero part)
{xµ, pν} = δµν , {ξµ, piν} = δµν . (3.1)
They are furthermore viewed as dynamical functions of a time parameter τ .
In terms of these variables we define the Hamiltonian of this infinite spin
particle model to be
H ≡ λ1χ1 + λ2χ2 + λ3χ3 + λ4χ4, (3.2)
where λi are Lagrange multipliers and where χi are the constraint variables
defined to be the classical counterparts of the operators in (2.9) or (2.10). The
Lagrangian is then obtained in its phase space form through the Legendre
transformation, i.e.
L = pµx˙
µ + piµξ˙
µ −H, (3.3)
where x˙ ≡ dx
dτ
etc (in (3.1)-(3.3) all variables are given for the same value of
τ). Under certain conditions on the Lagrange multipliers we may express L
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in terms of x and ξ only. In the case in which χi are given by (2.9) with
F = 1 we thus find the Lagrangian in configuration space to be
L = − λ1
2λ24
ξ˙2 +
1
λ4
(x˙− λ3ξ) · ξ˙ − 1
2
λ2(ξ
2 − 1) + λ4Ξ, λ4 6= 0. (3.4)
In the case in which χi are given by (2.10) with the choice F = 1 the config-
uration Lagrangian is given by
L =
λ2
2A
(x˙− λ4ξ)2 + λ1
2A
ξ˙2 − λ3
A
(x˙− λ4ξ) · ξ˙ + 1
2
λ2 + λ4Ξ,
A ≡ λ1λ2 − λ23 6= 0. (3.5)
Notice that these theories are gauge theories since the constraint variables
satisfy a Lie algebra in terms of the Poisson bracket (3.1). We have (the
nonzero part)
{χ4, χ2} = χ3, {χ4, χ3} = 2χ1, (3.6)
for (2.10), and the same algebra with minus signs for (2.9). These algebras
are nilpotent.
One may notice that the constraints in configuration space following from
(3.4) and (3.5) are different for whatever choice we make of the Lagrange
multipliers. This implies that the variable ξµ has different meanings in the
two cases. In order to find a simple more geometrical Lagrangian we try to
eliminate ξµ by means of its equation of motion,
d
dτ
∂L
∂ξ˙µ
− ∂L
∂ξµ
= 0. (3.7)
We notice then that this equation for the Lagrangian (3.4) reduces to
ξµ = − 1
λ2
d
dτ
(
1
λ4
x˙µ
)
, (3.8)
provided λ1 = 0, λ3 = αλ4, and λ2 6= 0 for arbitrary real constants α. When
(3.8) is inserted back into (3.4) we find apart from total derivatives
L =
1
2λ2
(
d
dτ
( 1
λ4
x˙µ
))2
+
1
2
λ2 + λ4Ξ. (3.9)
Although this Lagrangian have only two Lagrange multipliers, a Dirac con-
sistency check using the equations of motion will generate the complete set
of constraints (see below).
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If we instead make use of the Lagrangian (3.5) in (3.7), the latter reduces
to
ξµ =
1
λ4
x˙µ − α
λ2
d
dτ
(
1
λ4
x˙µ
)
, (3.10)
provided λ1 = 0, λ3 = αλ4, and λ2 6= 0 for any real α 6= 0. When (3.10) is
inserted back into (3.5) we also here find the Lagrangian (3.9).
We have arrived at the unique Lagrangian (3.9) as a classical model for
Wigner’s Ξ-representation. One may notice that even the Lagrange multiplier
λ2 may be eliminated from (3.9) in which case (3.9) reduces to
L =
√(
d
dτ
( 1
λ4
x˙
))2
+ λ4Ξ. (3.11)
This is the most simple and geometrical form of the Lagrangian since λ4
cannot be eliminated. Notice that it represents a reparametrization invariant
theory where λ4 is the einbein variable (usually denoted v).
3.1 Analysis of the geometrical Lagrangian
The geometrical Lagrangian (3.11) is a higher order Lagrangian since it in-
volves the second derivative of xµ. To analyze its properties is therefore
nontrivial. This analysis is made slightly more convenient if we write the
Lagrangian (3.11) in terms of the inverse einbein variable, e = 1/λ4. We
have then
L =
√(
d
dτ
(
ex˙
))2
+
1
e
Ξ ≡
√(
e˙x˙+ ex¨
)2
+
1
e
Ξ. (3.12)
In order to transform this theory into the Hamiltonian framework we must
make use of Ostrodgradski’s method [4] (see also [5] chapter X, or better [6]
appendix I). This method requires us to introduce a new variable. Even
though it might cause confusion we call also this variable ξµ since it is similar
although not identical to the variable used before. Here it is defined by
ξµ ≡ x˙µ. (3.13)
Ostrodgradski requires us then to replace x˙µ and x¨µ in L by ξµ and ξ˙µ and
to define the Hamiltonian by
H = pµξ
µ + piµξ˙
µ + ωe˙− L(ξ, ξ˙, e, e˙), (3.14)
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where pµ as before is the conjugate momentum to x
µ. piµ is the conjugate
momentum to ξµ, and ω is the conjugate momentum to e which is necessary
here since L contains e˙. The derivatives ξ˙µ and e˙ are eliminated from H by
the equalities
piµ =
∂L
∂ξ˙µ
=
e(eξ˙µ + e˙ξµ)√
(eξ˙ + e˙ξ)2
, (3.15)
ω =
∂L
∂e˙
=
(eξ˙ · ξ + e˙ξ2)√
(eξ˙ + e˙ξ)2
. (3.16)
These equalities inserted into (3.14) yields then
H = p · ξ − 1
e
Ξ. (3.17)
However, in addition they yield the following primary constraints (the con-
straints are numbered in accordance with (2.10))
2χ2 ≡ pi2 − e2, (3.18)
χ5 ≡ pi · ξ − ωe. (3.19)
The total Hamiltonian, Htot, which governs the time evolution, is obtained
by adding a linear combination of these primary constraints to (3.17). We
have
Htot = H + λ2χ2 + λ5χ5. (3.20)
The Poisson bracket is here (the nontrivial part)
{xµ, pν} = δµν , {ξµ, piν} = δµν , {e, ω} = 1, (3.21)
from which we then get the equations
χ˙2 = {χ2, Htot} = −p · pi + 2λ5χ2,
χ˙5 = {χ5, Htot} = −p · ξ + 1
e
Ξ− 2λ2χ2 ≡ −H − 2λ2χ2. (3.22)
Since we have to impose the conditions χ˙2 = 0, χ˙5 = 0 for consistency we
arrive at the secondary constraints χ3 = 0 and χ4 = 0 where
χ3 ≡ p · pi, χ4 ≡ H = p · ξ − 1
e
Ξ, (3.23)
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which is consistent with the fact that the Hamiltonian always is zero in a
reparametrization invariant theory. Furthermore, we find
χ˙3 = {χ3, Htot} = −p2 − λ5χ3,
χ˙4 = {χ4, Htot} = λ2χ3 + λ5χ4, (3.24)
from which we by consistency have to impose the tertiary constraint χ1 = 0
where
2χ1 ≡ p2. (3.25)
There are no further constraints since {p2, Htot} = 0. Thus, the Lagrangian
(3.12) gives rise to five constraints although it was derived from a Hamil-
tonian, (3.2), involving only four. The reason is that the einbein variable
has become dynamical after we eliminated ξµ. A new constraint is therefore
necessary in order to remove the new degree of freedom. We notice that all
five constraints satisfy a Lie algebra. In fact, they satisfy the algebra (3.6)
together with
{χ5, χ2} = 2χ2, {χ5, χ4} = −χ4, {χ5, χ3} = χ3, (3.26)
which is the Lie algebra of the gauge group (see also appendix A.1). This
algebra is solvable. It is the constraint χ5 in (3.19) which is new here. By
means of the gauge choice e = 1, χ5 is eliminated ({χ5, e − 1} = e = 1 6=
0) and we are left with exactly the constraints (2.10) with F = 1 used
before. Notice also that the five constraints here are exactly given by (2.10)
with F = e together with χ5 in (3.19). The careful reader may also note
another puzzling feature: when we eliminated ξµ by means of (3.8) or (3.10)
we actually removed two constraints by our choice of Lagrange multipliers.
The reason why these constraints are recovered is that Dirac’s consistency
conditions bring them back.
The ξµ variable used in this section is different from the one used before.
Comparing the expressions (3.13) and (3.10) with the ξµ used here we notice
that they differ by an acceleration term and a rescaling. This rescaling is
reflected in the form of the constraints here. There is, however, no resem-
blance between (3.13) and (3.8) which is consistent with the fact that the
constraint χ2 in (3.18) is not contained in the set (2.9).
Concerning the meaning of this particle model we notice that the con-
straint χ4 = 0 from (3.23) implies that x˙
µ is spacelike for e > 0 and Ξ ≥ 0
with p0 > 0 and x˙0 > 0 (pµ ∝ x˙µ is excluded by the other constraints). For
Ξ < 0 we have no definite sign of x˙2. Thus, the model can possibly exhibit
non-tachyonic features by choosing Ξ < 0, but in general we have tachyonic
behavior of the particle.
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3.2 Remarks
Choosing e = 1 in the Lagrangian (3.12) we find
L =
√
x¨2 + Ξ, (3.27)
which apart from the constant Ξ is the Lagrangian considered by Zoller [7].
Notice, however, that the constraints following from (3.27) are not the same,
even for e = 1. We get using Ostrogradski’s method the following three
constraints
pi2 − 1 = 0, p · pi = 0, p2 = 0. (3.28)
Although a time independent quantization yields
p · ξ = const, (3.29)
this constant is not fixed but is related to the energy spectrum E. For the
model (3.27) it is Ξ+E. In [8] Zoller proposes a reparametrization invariant
version of (3.27) which also yields five constraints. However, his model is
entirely different from our model. His constraints are both inconsistent with
ours and with those in (3.28) and (3.29).
The generalizations of the actions (3.12) and (3.27) to string theory have
been considered by Savvidy [9] (see also [10]). The generalization of (3.11)
to arbitrary dimensions is
S =
∫
dmζ
(√
h
√
(△(h)Xµ)2 + Ξ
√
h
)
, h = det hab, (3.30)
where hab is the metric on the manifold coordinatized by ζ
a. △(h) is the
Laplace-Beltrami operator
(
1/
√
h
)
∂a
√
hhab∂b where ∂a ≡ ∂∂ζa . For Ξ = 0
and m = 2 (3.30) is exactly the model B in [9].
4 Superextended model
Let us add to the previous operators in section 2 the odd operator ψµ satis-
fying the commutation relations (the nonzero ones)
[ψµ, ψν ]+ = η
µν , (4.1)
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where the index plus indicates an anticommutator. ψµ is an odd, hermitian
operator that transforms as a Lorentz vector. The Lorentz generators are
here (cf.(2.2))
mµν = lµν + sµν , lµν = xµpν − xνpµ,
sµν = ξµpiν − ξνpiµ − i
2
(
ψµψν − ψνψµ). (4.2)
The conditions (2.4) for Wigner’s Ξ-representation yield then
p · ψ|phys〉 = 0 (4.3)
together with the previous constraints (2.9) or (2.10) as a sufficient minimal
elementary set of restrictions. Note that
[p · ψ, p · ψ]+ = p2 (4.4)
In a wave function representation (4.3) is a Dirac equation (the gamma ma-
trices may then be identified with
√
2ψµ). In this form this set of constraints
were also given in [2] as a representation of the half-odd integer case denoted
0′(Ξ).
4.1 Pseudoclassical model
If we only add the constraint χ6|phys〉 = 0 where
χ6 ≡ p · ψ (4.5)
to the previous constraints in (2.9) or (2.10) we are unable to obtain a sim-
ple Lagrangian at the classical level, particularly not a higher order one.
However, if we also introduce the odd, hermitian operator θ satisfying the
anticommutation relation
[θ, θ]+ = −1, (4.6)
together with the new constraint (in conjunction with (2.10) for F = 1)
(pi · ψ + θ)|phys〉 = 0 (4.7)
it is possible to construct a simple, higher order pseudoclassical model which
roughly contains the original model (see below).
At the pseudoclassical level we have then the real, odd variables ψµ and
θ satisfying the (super) Poisson bracket relations (the nonzero part)
{ψµ, ψν} = −iηµν , {θ, θ} = i, (4.8)
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together with (3.1). We consider then apart from (2.10) the constraint vari-
ables (we insert an index s on all constraints for this model even though the
previous set (2.10) are not changed)
χs6 ≡ p · ψ, χs7 ≡ pi · ψ + θ. (4.9)
Together with (2.10) for F = 1 they satisfy a Lie algebra whose nonzero part
is given by (3.6) and
{χs6, χs6} = −2iχs1, {χs7, χs7} = −2iχs2,
{χs6, χs7} = −iχs3, {χs7, χs4} = −χs6. (4.10)
The constraint χs7 seems to be possible to eliminate by a gauge condition on θ
since {χs7, θ} = i 6= 0, which then would leave the minimal set of constraints
considered above and in [2]. However, this equivalence is not entirely correct
since such an elimination of θ also would reduce the degrees of freedom of
ψµ.
As before we start our analysis from an extended Hamiltonian, here given
by
H s = λ1χ
s
1 + λ2χ
s
2 + λ3χ
s
3 + λ4χ
s
4 + iλ6χ
s
6 + iλ7χ
s
7, (4.11)
where λ6 and λ7 are new odd, real Lagrange multipliers. The Lagrangian in
phase space is then
Ls = pµx˙
µ + piµξ˙
µ +
i
2
ψ · ψ˙ − i
2
θθ˙ −H s. (4.12)
In the case in which χsi, i = 1, 2, 3, 4, are given by (2.10) with the choice
F = 1 the configuration Lagrangian is given by (ψµ and θ are really phase
space variables)
Ls =
i
2
ψ · ψ˙ − i
2
θθ˙ +
1
2
λ2 + λ4Ξ− iλ7θ + 1
A
(
1
2
λ2x˙
2 +
1
2
λ1ξ˙
2 − λ3x˙ · ξ˙ −
−λ2λ4x˙ · ξ + λ3λ4ξ · ξ˙ + 1
2
λ2λ
2
4ξ
2 − λ2λ6ix˙ · ψ + λ3λ7ix˙ · ψ +
+λ3λ6iξ˙ · ψ − λ1λ7iξ˙ · ψ + λ2λ4iλ6ξ · ψ − λ3λ4iλ7ξ · ψ
)
,
A ≡ λ1λ2 − λ23 6= 0. (4.13)
This is a gauge theory since the constraint variables satisfy a Lie algebra.
Under the same conditions as before on the Lagrange multipliers λi we may
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eliminate ξµ from Ls. We choose also to impose λ6 = 0 which is possible due
to the presence of χ7. The equation of motion (3.7) yields then
ξµ =
1
λ4
x˙+
α
λ2
(
iλ7ψ
µ − d
dτ
( 1
λ4
x˙
))
, (4.14)
for λ1 = 0, λ3 = αλ4, λ2 6= 0 and λ6 = 0. When (4.14) is inserted into (4.13)
with the same conditions on the Lagrange multipliers we find
Ls =
1
2λ2
(
d
dτ
( 1
λ4
x˙
))2
+
1
2
λ2 + λ4Ξ− iλ7
λ2
ψ ·
(
d
dτ
( 1
λ4
x˙
))
+
+
i
2
ψ · ψ˙ − i
2
θθ˙ − iλ7θ. (4.15)
After eliminating λ2 we finally get
Ls =
√(
d
dτ
(
ex˙
))2 − 2iλ7ψ · d
dτ
(
ex˙
)
+
1
e
Ξ +
i
2
ψ · ψ˙ − i
2
θθ˙ − iλ7θ ≡
≡
√(
e˙x˙+ ex¨
)2 − 2iλ7ψ · (e˙x˙+ ex¨)+ 1
e
Ξ +
i
2
ψ · ψ˙ − i
2
θθ˙ − iλ7θ,
(4.16)
where e as before is the inverse einbein variable given by e = 1/λ4. (Notice
that the expression under the square root sign may be written as AµAµ where
Aµ ≡ e˙x˙µ+ex¨µ−iλ7ψµ.) Applying Ostrogradski’s method to the Lagrangian
(4.16) we obtain the Hamiltonian
H s = pµξ
µ + piµξ˙
µ + ωe˙+
i
2
ψ · ψ˙ − i
2
θθ˙ − Ls(ξ, ξ˙, e, e˙, ψ, ψ˙, λ7),
(4.17)
where as before ξµ = x˙µ etc. We have here
piµ =
∂Ls
∂ξ˙µ
=
e(eξ˙µ + e˙ξµ)− iλ7eψµ√
(eξ˙ + e˙ξ)2 − 2iλ7ψ ·
(
eξ˙ + e˙ξ
) , (4.18)
ω =
∂Ls
∂e˙
=
(eξ˙ · ξ + e˙ξ2)− iλ7ψ · ξ√
(eξ˙ + e˙ξ)2 − 2iλ7ψ ·
(
eξ˙ + e˙ξ
) . (4.19)
From these relations we find the equality
piµξ˙
µ + ωe˙− iλ7 1
e
piµψ
µ =
√
(eξ˙ + e˙ξ)2 − 2iλ7ψ ·
(
eξ˙ + e˙ξ
)
(4.20)
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which when inserted into (4.17) yields the Hamiltonian (we insert an index
(λ) to indicate its dependence on λ7)
H s(λ) = pµξ
µ − 1
e
Ξ + iλ7
(1
e
pi · ψ + θ). (4.21)
In addition we get the primary constraints P7 = 0, χs2 = 0 and χs5 = 0,
where P7 is the conjugate momentum to λ7 and
2χs2 ≡ pi2 − e2, (4.22)
χs5 ≡ pi · ξ − ωe. (4.23)
(We ignore the trivial constraints Pi = 0 in general, where Pi are conju-
gate momenta to λi. However, here P7 = 0 is necessary to include due to
the λ7-dependence in H
s
(λ).) The time evolution is determined by the total
Hamiltonian
H stot = H
s
(λ) + λ2χ
s
2 + λ5χ
s
5 + iρP7, (4.24)
where ρ is a real, odd Lagrange multiplier. The consistency conditions χ˙s2 =
0, χ˙s5 = 0, and P˙7 = 0 yield then the secondary constraints (we are using the
Poisson bracket defined by (3.21) and (4.8))
χs3 ≡ p · pi, χs4 ≡ p · ξ −
1
e
Ξ,
χs6 ≡ p · ψ, χs7 ≡ pi · ψ + eθ. (4.25)
(As in section 3, χs4 may be identified with the elementary Hamiltonian given
in (3.17) (cf.(3.23)).) Further derivations with respect to τ yield finally the
tertiary constraint χs1 = 0 given in (3.25). Since no further constraints are
required we end up with seven constraints plus the trivial P7 = 0. They
satisfy the Lie algebra (3.6), (3.26), (4.10), and
{χs5, χs6} = 0, {χs5, χs7} = χs7. (4.26)
(P7 yields zero Poisson brackets with χsi.) Again it is the dynamical einbein
variable which has caused the appearance of the new constraint χs5 although
we started without it. Furthermore, we removed three constraints, χs1, χ
s
3,
χs6, when we eliminated ξ
µ by (4.14), which however are recovered by Dirac’s
consistency conditions in the final model.
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5 Interactions with external fields
In this section we consider interactions with some external classical fields
at the classical level. The interactions are chosen to be consistent with
reparametrization invariance. We consider both the ordinary case given in
section 3 and the pseudoclassical case given in section 4. We start with the
ordinary case. (In each model below, the Lagrangian, the Hamiltonian and
the constraints are identified with a specific index. Constraints and their
Poisson algebras for each model are also listed in appendices A and B.)
5.1 Interaction with a vector field (index a)
Like in the case of the ordinary relativistic particle there is a natural choice
for a reparametrization invariant interaction with an external vector potential
Aµ(x). It is given by
La =
√
(ex¨+ e˙x˙)2 +
1
e
Ξ + Aµ(x)x˙
µ. (5.1)
Within Ostogradski’s procedure the interaction term Aµ(x)x˙
µ is replaced by
Aµ(x)ξ
µ which contains no τ derivative. Therefore the expressions for the
conjugate momenta and the primary constraints are the same as for the free
model except that pµ is replaced by
Λaµ ≡ pµ −Aµ(x). (5.2)
Thus, we have the standard minimal coupling. The Hamiltonian is e.g.
turned into
H a = Λa · ξ − 1
e
Ξ. (5.3)
The primary constraints χa2, χ
a
5, are unchanged (i.e. χ
a
2 ≡ χ2, χa5 ≡ χ5), but
the expressions for the secondary ones are modified to
χa3 ≡ pi · Λa, χa4 ≡ H a, (5.4)
and the tertiary constraint χa1 becomes here
2χa1 ≡ (Λa)2 +
1
2
Fµν(x)(ξ
µpiν − ξνpiµ), (5.5)
where Fµν is the field strength defined by
Fµν ≡ ∂µAν − ∂νAµ. (5.6)
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Notice the following Poisson bracket relations for the new variable Λa
{xµ,Λaν} = δµν , {Λaµ,Λaν} = Fµν(x). (5.7)
However, apart from the generalized free constraints the consistency condi-
tion χ˙a1 = 0 requires the vanishing of the expression
2{χa1, χa4} = 3ΛaµFµνξν + ξρξµ∂ρFµνpiν . (5.8)
If this is regarded as a new constraint, then more new constraints are gener-
ated by their Poisson brackets with the total Hamiltonian so that at the end
no degree of freedom remains. The generalized free constraints satisfy a Lie
algebra apart from the anomalous Poisson bracket relations (5.8) and
2{χa1, χa3} = 3ΛaµF µνpiν − piρpiµ∂ρFµνξν . (5.9)
Due to the Jacobi identity
{χa1, χa3} = {{χa1, χa4}, χa2} (5.10)
the vanishing of (5.8) implies the vanishing of (5.9) resulting in a closed Lie
algebra of constraints identical to the one in section 3. On the other hand
the only possibility for (5.8) to vanish seems to be Fµν = 0 in which case the
algebra of constraints of course is identical to the one for the free model.
5.1.1 Interaction with a vector field in the pseudoclassical case
(index sa)
When we add the minimal coupling term Aµx˙
µ to the pseudoclassical La-
grangian (4.16) we find the Lagrangian
Lsa =
√(
d
dτ
(
ex˙
))2 − 2iλ7ψ · d
dτ
(
ex˙
)
+
1
e
Ξ +
+
i
2
ψ · ψ˙ − i
2
θθ˙ − iλ7θ + Aµx˙µ, (5.11)
and again we find that pµ is replaced by Λ
sa
µ ≡ Λaµ in (5.2). The elementary
Hamiltonian is therefore also here given by (5.3), H sa ≡ H a. The primary
constraints are unaltered by the minimal coupling, i.e. χsa2 = χ
s
2 = χ2, χ
sa
5 =
χs5 = χ5, and χ
sa
7 = χ
s
7 in (4.9) (we ignore the fact that χ
s
7 is strictly speaking
not a primary constraint). The total Hamiltonian is the same as in the free
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case except for the different elementary Hamiltonian here (H sa = H a 6= H s).
Two secondary constraints are χsa3 = χ
a
3 and χ
sa
4 = χ
a
4. Since
χ˙sa7 = {χsa7 , H sa} = −Λsa · ψ, (5.12)
the condition χ˙sa7 = 0 yields the secondary constraint
χsa6 ≡ Λsa · ψ (5.13)
in accordance with minimal coupling. However, here we obtain
{χsa6 , H sa} = ψµFµν(x)ξν , (5.14)
which has to vanish from the consistency condition χ˙sa6 = 0. If it is interpreted
as a new constraint then we have a further proliferation of constraints from
their consistency conditions. The field strength Fµν has to be restricted.
Apart from (5.14) the algebra of constraints have the anomalous Poisson
brackets (5.8) and (5.9), and (χsa1 = χ
a
1 in (5.5))
2{χsa1 , χsa7} = {χsa6 , χsa3} = {χsa2 , {χsa4 , χsa6}} = −piµFµνψν ,
2{χsa1 , χsa6} = 2ΛsaµFµνψν + ∂ρFµνξµpiνψρ,
{χsa6 , χsa6} = −2iχsa1 + iξµFµνpiν + Fµν(x)ψµψν . (5.15)
In order to have the same algebra as in the free case we have to impose
Fµν = 0.
5.2 Gravitational interaction (index g)
There is a natural way to introduce gravitational interaction in the model.
If spacetime is Riemannian and curved, the action must be independent of
the choice of spacetime coordinates and reduce to the free action for flat
spacetime. This leads us to the Lagrangian
Lg =
√
(e˙x˙µ + eDx˙µ)gµν(e˙x˙ν + eDx˙ν) +
1
e
Ξ,
Dx˙µ ≡ x¨µ + x˙νΓµνλ(x)x˙λ, (5.16)
where gµν(x) is the metric tensor which serves as an external field, and Γ
µ
αβ(x)
the Christoffel symbol:
Γµαβ =
1
2
gµν(∂αgβν + ∂βgαν − ∂νgαβ). (5.17)
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The Lagrangian (5.16) is reparametrization invariant both in τ and xµ.
Following Ostrodgradski’s method with ξµ = x˙µ we are led to the follow-
ing expressions for the conjugate momenta to ξµ and e
piµ =
egµν(e˙ξ
ν + eDξν)√
(e˙ξλ + eDξλ)gλκ(e˙ξκ + eDξκ)
, (5.18)
ω =
ξµgµν(e˙ξ
ν + eDξν)√
(e˙ξλ + eDξλ)gλκ(e˙ξκ + eDξκ)
, (5.19)
Dξµ ≡ ξ˙µ + ξνΓµνλ(x)ξλ.
We have therefore the primary constraints
2χg2 ≡ piµgµν(x)piν − e2, χg5 ≡ piµξµ − ωe, (5.20)
and the Hamiltonian
H g = Λgµξ
µ − 1
e
Ξ, (5.21)
where
Λgµ ≡ pµ − piνΓνµλ(x)ξλ. (5.22)
In the calculations of secondary constraints we notice that the Poisson bracket
is the same as in subsection 3.1 except that curved indices are raised and
lowered by the metric tensor gµν . We notice also the following algebra
{Λgµ,Λgν} = piρRρλµν(x)ξλ, (5.23)
where Rρλµν is the Riemann tensor given by
Rραγβ = ∂γΓ
ρ
αβ − ∂βΓραγ + ΓηαβΓργη − ΓηαγΓρβη. (5.24)
Λgµ acts like a covariant derivation according to the rule
{piµ1 · · ·piµkT µ1···µkν1···νl (x)ξν1 · · · ξνl,Λgρ} = piµ1 · · ·piµkT µ1···µkν1···νl;ρ(x)ξν1 · · · ξνl,
T µ1···µkν1···νl;ρ(x) = ∂ρT
µ1···µk
ν1···νl
(x) + Γµ1ργT
γµ2···µk
ν1···νl
(x) + · · ·+ ΓµkργT µ1···µk−1γν1···νl (x)
−Γγρν1T µ1···µkγν2···νl(x)− · · · − ΓγρνlT γµ2···µkν1···νl−1γ(x). (5.25)
Vanishing time derivatives of χg2 and χ
g
5, using the total Hamiltonian given
by (5.21) together with a linear combination of (5.20), requires the following
secondary constraints (gµν;ρ = 0)
χg3 ≡ piρgρσΛgσ, χg4 ≡ H g. (5.26)
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The conservation of χg3 requires in turn the tertiary constraint
2χg1 ≡ ΛgρgρσΛgσ − piρpiσgσγRραγβξαξβ. (5.27)
The consistency condition χ˙g1 = 0 leads, however, to new conditions. We
have
2{χg1, χg4} = 4ΛgσgσγpiρRραγβ(x)ξαξβ − piρpiσgσγRραγβ;δξαξβξδ,
(5.28)
where χ˙g1 = 0 requires the right hand side to vanish. In order to avoid new
constraints (particularly new second class constraints), we have therefore to
impose restrictions on the metric tensor. If it is chosen such that (5.28)
vanishes then we also get the same Poisson algebra as in the free case since
the only further anomalous Poisson relation satisfies the following relations:
2{χg1, χg3} = 2{{χg1, χg4}, χg2} =
= 8Λgµg
µβpiσg
σγpiρR
ρ
αγβ(x)ξ
α − 3piρpiσgσγpiνgνµRραγβ;µξαξβ. (5.29)
In order to make (5.28) vanish it seems, however, as we have to impose the
restriction Rραγβ = 0 which leads to the free case in arbitrary coordinates.
However, in subsection 5.3 below we consider less restrictive choices.
5.2.1 Gravitational interaction in the pseudoclassical case
(index sg)
In order to write the pseudoclassical model (4.16) in an external gravitational
field we have to make use of vierbein fields since the odd spin variables ψµ
cannot have curved indices. In the vierbein formalism one usually denotes
flat Minkowski indices by roman letters and as above curved indices by greek
letters. The vierbein field, V aα (x), satisfies by definition the relation
gαβ(x) = V
a
α (x)V
b
β (x)ηab. (5.30)
There is always an inverse, V αa (x), with the properties
V aα (x)V
β
a (x) = δ
β
α, V
a
α (x)V
α
b (x) = δ
a
b . (5.31)
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In terms of the vierbein field the pseudoclassical Lagrangian (4.16) becomes
in an external gravitational field
Lsg =
√(
e˙x˙µ + eDx˙µ
)
gµν
(
e˙x˙ν + eDx˙ν
)− 2iλ7ψaV aα (e˙x˙α + eDx˙α)+
+
1
e
Ξ +
i
2
ψaDψ
a − i
2
θθ˙ − iλ7θ ≡
≡
√
AaηabAb +
1
e
Ξ +
i
2
ψaDψ
a − i
2
θθ˙ − iλ7θ,
Aa =
(
e˙x˙µ + eDx˙µ
)
V aµ − iλ7ψa, (5.32)
where Dx˙µ is defined in (5.16), and where
Dψa ≡ ψ˙a + ωabγx˙γψb, (5.33)
where ωabγ is the spin connection. In order for it to yield a nonzero term in
(5.32) we must have ωabγ = −ωbaγ which also is its defining property. Within
the Hamiltonian formulation obtained from Ostrogradski’s method we then
find the elementary Hamiltonian
H sg = Λsgµξ
µ − 1
e
Ξ, (5.34)
where
Λsgµ ≡ pµ − piσΓσµνξν −
i
2
ψaωabµψ
b. (5.35)
We also notice the algebra
{Λsgµ ,Λsgν } = piρRρλµνξλ +
i
2
ψaψbRabµν (5.36)
where
Rabµν = ∂µωabν − ∂νωabµ + ωacµωcbν − ωbcµωcaν = V σa V ρb Rσρµν . (5.37)
The Poisson bracket is the same as in subsection 4.1 except that curved
indices are raised and lowered by the metric tensor gµν and flat indices by
the Minkowski metric ηab. Λ
sg
µ generates in terms of this Poisson bracket
generalized covariant derivatives on tensors with both curved and flat indices
according to the rule (m ≤ 4)
{piµ1 · · ·piµkT µ1···µkν1···νla1···am(x)ξν1 · · · ξνlψa1 · · ·ψam ,Λsgρ} =
= piµ1 · · ·piµkT µ1···µkν1···νla1···am;ρ(x)ξν1 · · · ξνlψa1 · · ·ψam ,
T µ1···µkν1···νla1···am;ρ(x) = ∂ρT
µ1···µk
ν1···νla1···am
(x) + Γµ1ργT
γµ2···µk
ν1···νla1···am
(x) + · · ·
−Γγρν1T µ1···µkγν2···νla1···am(x)− · · ·+ ωa1bρηbcT µ1···µkν1···νlca2···am(x) + · · · .
(5.38)
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Tensors with flat indices are directly related to tensors with curved indices by
an appropriate multiplication of vierbein fields. The consistency condition
for this is V αa;µ = 0 which also yields g
αβ
;µ = 0. This condition determines the
spin connection. We find
ωabµ(x) = V
ν
a
(
∂µVbν − ΓρµνVbρ
)
. (5.39)
Ostrogradski’s method yields apart from the Hamiltonian (5.34) and the
constraints χsg2 = χ
g
2 and χ
sg
5 = χ
g
5 in (5.20), χ
sg
7 = 0 where
χsg7 ≡ piαV αa ψa + eθ. (5.40)
Requiring χsg2 , χ
sg
5 and χ
sg
7 to be constants of motion (Dirac’s consistency
condition) leads to the secondary constraints χsg4 = H
sg given in (5.34), χsg3 = 0
and χsg6 = 0 where
χsg3 ≡ piµgµσΛsgσ , χsg6 ≡ ΛsgαV αa ψa. (5.41)
At the tertiary level we have (χ˙sg3 = 0)
2χsg1 ≡ ΛsgαgαβΛsgβ − piµgµνξλ(piγRγρνλξρ +
i
2
Rabνλψ
aψb) (5.42)
and
{χsg6 , χsg4 } = R1,
R1 ≡ V µc ψcξν(piρRρλµνξλ +
i
2
Rabµνψ
aψb). (5.43)
χ˙sg6 = 0 requires the new condition R1 = 0. χ˙
sg
1 = 0 requires apart from the
vanishing of (cf.(5.28))
2{χsg1 , χsg4 }= 4ΛsgαpiρgαβRρµβνξµξν +
3
2
iΛsgαg
αβRabβµξ
µψaψb
−piµgµνξαξλ(piγξβRγβνα;λ +
i
2
Rabνα;λψ
aψb) (5.44)
also R2 = 0 where
{χsg1 , χsg7 } = R2,
R2 =
1
2
piρpiσg
σγRραβγξ
αV βa ψ
a. (5.45)
In addition we notice that (cf.(5.29))
2{χsg1 , χsg3 } = 2{{χsg1 , χsg4 }, χsg2 } =
= 8Λsgαpiρpiσg
σνgαβRρµβνξ
µ +
3
2
iΛsgαpiσg
σµgαβRabβµψ
aψb
−piµpiσgσαgµνξλ(3piγξβRγβνα;λ + iRabνλ;αψaψb). (5.46)
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Furthermore, we have also the following anomalous Poisson brackets as com-
pared to the free algebra in section 4:
{χsg6 , χsg3 } = 2R2, {χsg6 , χsg6 } = −2iχsg1 + iR3, {χsg6 , χsg1 } = R4,
(5.47)
where
R3 ≡ piρpiλgλγRραβγξαξβ −
3
2
ipiρR
ρ
αβγξ
αV βa V
γ
b ψ
aψb,
R4 ≡ 1
2
piρR
ρ
αβγξ
αgγσΛsgσV
β
a ψ
a +
1
2
iV βc ψ
cΛsgµg
µνRabβνψ
aψb
−1
2
piσg
σγξα(piρR
ρ
αβγ;µξ
β +
i
2
Rabγα;µψ
aψb)V µc ψ
c. (5.48)
The expressions R1-R4 and (5.44), (5.46) represent deviations from a closed
Poisson algebra. Their vanishing without additional constraints requires
Rραβγ = 0. Notice that the vanishing of R1, R2, and (5.44) implies the van-
ishing of R3, R4, and (5.46) since we have from the Jacobi identities (5.46)
and
R3 = −i{R1, χsg7 }, R4 = {R2, χsg4 } − {{χsg1 , χsg4 }, χsg7 }. (5.49)
5.3 Infinite spin particles in (anti)de Sitter spacetime
(index ds)
From the previous results it seems as if we only have consistent classical
models in flat spacetime. However, an obvious question is whether or not
there are special curved spacetimes for which there are a finite number of
constraints satisfying a closed Poisson bracket algebra. In order to investigate
this we consider here maximally symmetric spacetimes for which we have (K
is a real constant which is positive for a de Sitter space, and negative for an
anti-de Sitter space)
Rµαβγ = K
(
gαβgµγ − gαγgβµ
)
, ⇒ Rµαβγ;ν = 0. (5.50)
For this choice (5.23) reduces to (Λdsµ = Λ
g
µ in (anti)de Sitter space)
{Λdsµ ,Λdsν } = K
(
piνξµ − piµξν
)
. (5.51)
Furthermore, eq.(5.28) reduces to (χdsi = χ
g
i in (anti)de Sitter space)
{χds1 , χds4 } = 2K
(
piαξ
αχds4 − ξαgαβξβχds3 +
Ξ
e
χds5 + Ξω
)
. (5.52)
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Thus, for maximally symmetric spacetimes, in which (5.50) is valid, Dirac’s
consistency conditions yield a finite number of constraints provided Ξ = 0.
Since their Poisson algebra closes the resulting theory is consistent. However,
even though the algebra of constraints closes for Ξ = 0 it does not form a
Lie algebra. It is the constraint χds1 that causes problems. For the (anti)de
Sitter metric in (5.50) we have
2χds1 = Λ
ds
ρ g
ρσΛdsσ +K
(
2ξαgαβξ
βχds2 − (χds5 )2 − 2ωeχds5 + e2(ξαgαβξβ − ω2)
)
.
(5.53)
This implies that the consistency condition χ˙ds3 = 0 allows us to choose a
more elementary form for χds1 like
2χ′ds1 ≡ Λdsρ gρσΛdsσ +Ke2(ξαgαβξβ − ω2). (5.54)
However, even if χds1 is replaced by χ
′ds
1 the constraints still do not form a Lie
algebra although they close. The pseudoclassical case below provides further
insights.
5.3.1 The pseudoclassical model in (anti)de Sitter space
(index sds)
In the pseudoclassical case the consistency condition χ˙sds1 = 0 not only requires
the vanishing of (5.44) but also of R2 in (5.45). (χ
sds
i = χ
sg
i in (anti)de Sitter
spacetime.) With the (anti)de Sitter metric (5.50) R2 becomes
R2 = K
(
piαξ
αχsds7 − 2ξµV µa ψaχsds2 − θeχsds5
)−Ke2(θω + ξµV µa ψa)
(5.55)
and
{χsds1 , χsds4 } = 2K
(3
4
iψaV µa gµνξ
νχsds6 − ξαgαβξβχsds3 + piαξαχsds4 +
Ξ
e
χsds5 + Ξω
)
.
(5.56)
Hence, R2 = 0 yields a new constraint given by
χsds9 ≡ θω + ξµV µa ψa. (5.57)
The consistency condition χ˙sds6 = 0 requires the vanishing of R1 in (5.43). In
(anti)de Sitter spacetime we have
R1 = K
(−ξµgµνξνχsds7 + ξµV µa ψaχsds5 + eωχsds9 )+Kθe(ξµgµνξν − ω2).
(5.58)
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Hence, R1 = 0 yields one more new constraint given by
2χsds8 ≡ ξµgµνξν − ω2. (5.59)
(General χsg9 and χ
sg
8 may be defined, but not derived within the general
formalism in subsection 5.2.1.) The theory is consistent since the Poisson
algebra of the constraints closes. However, their algebra does not form a Lie
algebra. In the pseudoclassical case we have for the (anti)de Sitter metric
(5.50) (cf.((5.53))
2χsds1 = Λ
sds
ρ g
ρσΛsdsσ +K
(
2ξαgαβξ
βχsds2 − (χsds5 )2 − 2ωeχsds5 − iV αa ψaξαχsds7
+e2(ξαgαβξ
β − ω2) + iV αa ψaξαeθ
)
. (5.60)
Even if we define χsds1 by 2χ
′′sds
1 ≡ Λsdsµ gµνΛsdsν (see (5.53)) we still have no Lie
algebra although the constraint algebra closes. The nontrivial part comes
from the internal algebra of χ′′sds1 , χ
sds
3 and χ
sds
4 .
6 The standard massless representation
For Ξ = 0 we have to solve
p2|phys〉 = 0, w2|phys〉 = 0, (6.1)
which according to the analysis in section 2 leads to the elementary set
(2.13). To construct the corresponding classical theory we start from the
Hamiltonian
H = λ1χ1 + λ3χ3 + λ4χ4, (6.2)
where
χ1 ≡ 1
2
p2, χ3 ≡ p · pi, χ4 ≡ p · ξ, (6.3)
which satisfy a Poisson algebra which is a nilpotent Lie algebra. The La-
grangian is then according to the analysis in section 3 either given by (3.4)
with Ξ = 0, λ2 = 0 and λ3↔λ4, or (3.5) with Ξ = 0, λ2 = 0. In both cases
we are led to the unique Lagrangian
L = − λ1
2λ23
ξ˙2 +
1
λ3
(x˙− λ4ξ) · ξ˙. (6.4)
The constraints in the configuration space are
ξ˙2 = 0, ξ · ξ˙ = 0, x˙ · ξ˙ = 0. (6.5)
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In this case it is not possible to eliminate ξµ from L as in section 3 since
λ2 = 0 here. The equations of motion imply, however, that ξ
2 and pi2 are
constants of motions. We may therefore consistently add further constraints
like χ2 = 0 where χ2 e.g. is given by
χ2 ≡ 1
2
(
pi2 − 1). (6.6)
For this choice we then arrive at the Lagrangian (3.12) with Ξ = 0. The
resulting Ξ = 0 model is then just a particular choice of the general Ξ 6= 0
model considered before. In the Ξ = 0 case we may also consistently impose
the further constraint χ8 = 0, where (cf.(5.59))
χ8 ≡ 1
2
(
ξ2 − ω2), (6.7)
to the constraints following from (3.12) in the Hamiltonian form. The result-
ing Lie algebra of the constraints is then a semi-direct sum of the nilpotent
algebra of (6.3) and sl(2, R). Explicitly it is given in (3.6), (3.26) and (the
nonzero part)
{χ8, χ2} = χ5, {χ8, χ3} = χ4, {χ8, χ5} = 2χ8. (6.8)
A Lagrangian for this model may be constructed following the procedure
of section 3. Starting from the Hamiltonian
H = λ1χ1 + λ2χ2 + λ3χ3 + λ4χ4 + λ5χ5 + λ8χ8 (6.9)
we find for λ1 = λ5 = 0 (χ1 and χ5 are generated by the consistency condi-
tions)
L = − λ2
2λ23
(
x˙− λ4ξ
)2
+
1
λ3
(
x˙− λ4ξ
) · ξ˙ − 1
2
λ8ξ
2 − 1
2λ8
e˙2 +
1
2
λ2e
2.
(6.10)
(Even in (6.4) we may set λ1 = 0 since χ1 is generated by the consistency
condition χ˙4 = 0.) Even if we now may eliminate ξ
µ from the equations
of motion of ξµ choosing λ3 = λ4, which is allowed, we do not obtain an
equivalent geometrical higher order theory. The reason is that 1/λ4 becomes
dynamical but different from e which we in section 3 defined by e = 1/λ4.
(If we have no e’s to start with we do not get a closed algebra for the con-
straints.) We do not know whether or not there exist a geometrical higher
order Lagrangian for this extended model.
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In the pseudoclassical version we may apart from (6.7) also add the con-
straint
χ9 ≡ ξµψµ + ωθ. (6.11)
The resulting Lie algebra is given by (3.6), (3.26), (6.8), (4.10), (4.26) and
(the nonzero part)
{χ9, χ2} = χ7, {χ9, χ3} = χ6, {χ9, χ5} = χ9,
{χ9, χ6} = iχ4, {χ9, χ7} = iχ5, {χ9, χ9} = −2iχ8. (6.12)
This is exactly the algebra obtained from the geometrical higher order La-
grangian in (anti)de Sitter spacetime given in subsection 5.3.1 (apart from
the internal algebra of χ1, χ3, and χ4) provided we choose 2χ1 = Λµg
µνΛν .
7 Quantization
Our derivations of the free models were made from the quantum treatments
in [2,3] and their generalizations. In these derivations in section 2 and in the
beginning of section 4 we derived quantum equations which are nothing else
but a Dirac quantization of the considered models. A Dirac quantization is
characterized by the following properties: The constraints χi are turned into
operators χˆi which are hermitian and satisfy a commutator Lie algebra,
[χˆi, χˆj] = iCijkχˆk, ∀i, j, k (7.1)
where Cijk are real constants. The physical states are then consistently
defined by the equations
χˆi|phys〉 = 0, ∀i. (7.2)
In a wave function representation (7.2) is turned into wave equations. The
O(Ξ)-representation considered in section 2 were in [2,3] given as wave equa-
tions of the type
DiΦ(x, ξ) = 0, ∀i, (7.3)
where Di is a differential operator representation of χˆi. Φ(x, ξ) is here just
a scalar wave function of a bilocal type. For the 0′(Ξ)-representation it is
turned into a spinor, Φα(x, ξ), satisfying the Dirac equation /∂Φ(x, ξ) = 0 [2].
Now we believe that a Dirac quantization of our free models is incon-
sistent. As arguments for this belief we give here some negative features of
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the procedure (7.2),(7.3). We expect the quantization of the models to yield
equations for higher spin fields. Therefore we should be able to derive equa-
tions for tensor fields which are the standard form for a covariant description
of higher spin fields [11]. One natural way to obtain such equations from
(7.3) is to Taylor expand the bilocal field in terms of ξ. Unfortunately, the
resulting equations leave no non-zero solutions at all.
A second approach would be to replace pi and ξ by the oscillator a defined
by
aµ ≡ 1√
2
(
ξµ + ipiµ
) ⇒ [aµ, aν†] = ηµν . (7.4)
The constraint operators in (2.9) for F = 1 become then
χˆ1 ≡ 1
2
p2, χˆ2 ≡ −1
2
(
(a− a†)2 + 1),
χˆ3 ≡ i√
2
(
p · a† − p · a), χˆ4 ≡ 1√
2
(
p · a + p · a†)− Ξ. (7.5)
They may be obtained by the analysis in section 2 starting from
sµν = −i(aµ†aν − aν†aµ), (7.6)
which is identical to the expression in (2.2) using (7.4). The equations (2.8)
with the Fock ansatz
|ψ〉 =
∞∑
k=0
1
k!
Aµ1µ2···µk(x)|0〉µ1µ2···µk ,
|0〉µ1µ2···µk ≡ aµ1†aµ2† · · · aµk†|0〉, pµ|0〉 = 0, (7.7)
yield equations for the A-fields which leave no non-zero solutions. In fact,
these equations are the same as those obtained by a Taylor expansion of
Φ(x, ξ) in ξ above. Negative results were also obtained in [12] where the
same equations were treated noncovariantly.
The models considered in this paper are gauge theories and the general
framework to quantize gauge theories is the BRST-quantization. This pro-
cedure is based on the use of an odd BRST-charge Q to project out the
physical states by the single condition Q|phys〉 = 0. For the models under
considerations in this paper we believe that BRST quantization is the correct
quantization procedure. Furthermore, we believe that such a BRST quanti-
zation is inconsistent with the Dirac quantization used in sections 2 and 4
and above. Now a BRST-approach requires states with finite inner products.
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This implies among other things that the derivations of representations in
section 2 should be performed in a weak sense, i.e. we should solve conditions
like 〈phys|(w2 − Ξ2)|phys〉 = 0. Such conditions lead naturally to a kind of
Gupta-Bleuler quantization. Below we try to simulate a correct treatment in
terms of such a Gupta-Bleuler quantization in order to avoid the complexity
of a fully fledged BRST treatment. We keep then the Dirac condition for
χˆ1 which leads to Klein-Gordon like equations as well as for χˆ6 in section 4
which yields Dirac like equations. Their proper treatments within a BRST
frame is known.
7.1 Gupta-Bleuler quantization
Gupta-Bleuler quantization is characterized by conditions of the type
Gr|phys〉 = 0, ∀r, (7.8)
where Gr are operators which not need to be hermitian but which must
satisfy the following properties,
[Gr, Gs] = iC
′
rstGt, (7.9)
where C ′rst are constants not necessarily real, and where
〈phys|χˆi|phys〉 = 0, ∀i, (7.10)
are implied by (7.8). Of course, (7.8) includes the Dirac quantization. How-
ever, the number of Gr-operators are usually less than the number of χˆi’s.
For the physical states we use the following general Fock-like ansatz
|ψ〉 =
∞∑
n=−∞
∞∑
k=1
1
k!
A(n)µ1µ2···µk(x)|0, n〉µ1µ2···µk +
∞∑
n=−∞
φ(n)(x)|0, n〉,
|0, n〉µ1µ2···µk ≡ aµ1†aµ2† · · · aµk†|0, n〉, |0, n〉 ≡ |0〉p|0〉|n〉, aµ|0〉 = 0
pµ|0〉p = 0, |n〉 ≡ en|0〉ω, ω|0〉ω = 0 (7.11)
where aµ is defined in (7.4) and where e is the inverse einbein introduced in
section 3.1 with [e, ω] = i and e 6= 0. It should be noted that neither |0〉p
nor |n〉 are inner product states. (|n〉-states are e.g. discussed in [13].) Our
equations are therefore a bit heuristic.
The wave function representation of the ansatz (7.11) is given by
ψ(x, e) ≡ 〈x, e|ψ〉 =
∑
n
φ(n)(x)en,
ψµ1···µk(x, e) ≡ µ1···µk〈x, e|ψ〉 =
∑
n
A(n)µ1···µk(x)e
n, k ≥ 1, (7.12)
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where e 6= 0 and
µ1···µk〈x, e| ≡ 〈x|〈e|〈0|aµ1 · · · aµk . (7.13)
Here the inverse einbein variable e acts like an extra dimension. The true
spacetime wave function may be defined by the gauge fixed expression
Aµ1···µk(x) ≡ ψµ1···µk(x, e0) =
∑
n
A(n)µ1···µk(x)e
n
0 , (7.14)
where e0 is a fixed value of the e-variable. Or, possibly, it could be defined
to be some other weighted sum of the A(n)-fields. The proper interpretation
remains to be investigated.
7.2 Quantization of the free classical model
A Gupta-Bleuler quantization for the free theory considered in section 3.1
may be performed by means of the following constraint operators:
G0 ≡ 2χˆ1,
G1 ≡ 1√
2
(χˆ4 + iχˆ3),
G2 ≡ 2χˆ2 − iχˆ5 (7.15)
which satisfy the Lie algebra (G0 commutes with G1,2)
[G1, G2] = G1. (7.16)
The constraint operators χˆ1, . . . , χˆ5 correspond to those given in section 3.1
(see also appendix A.1). They are explicitly given by (7.5) and
χˆ5 ≡ i
2
(
a†2 − a2)− 1
2
(
ωe+ eω
)
, (7.17)
where ξ and pi are given in terms of the oscillator a defined in (7.4). The
expressions (7.15) are therefore
G0 = p
2,
G1 = p · a− Ξ√
2e
,
G2 = −a2 + 1
2
(
aa† + a†a− 2e2 + i(ωe+ eω)
)
. (7.18)
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These constraint operators can be derived by the analysis in section 2 starting
from (7.6) using weak conditions. In fact, we have
〈ph|e2(w2 − Ξ2)e2|ph〉 = ∣∣∣∣G0,1|ph〉 = 0
∣∣∣∣ =
=
Ξ2
2
(
〈ph|G†2e2|ph〉+ 〈ph|e2G2|ph〉
)
= 0. (7.19)
The peculiar factors e2 are required by the form of G2 which in turn is chosen
to satisfy the simple algebra (7.16). The constraint operators in (7.15),(7.18)
on the Fock ansatz (7.11) yield now non-zero solutions for the A- and φ-fields.
The G0|ψ〉 = 0 condition simply yields the Klein-Gordon equations
∂2Φ(n)(x) = 0, ∂2A(n)µ1,...,µk = 0, (7.20)
whereas G1|ψ〉 = 0 yields
i∂νA(n)ν (x) +
Ξ√
2
φ(n+1)(x) = 0,
i∂νA(n)νµ1...µk(x) +
Ξ√
2
A(n+1)µ1...µk(x) = 0, k ≥ 1, (7.21)
and G2|ψ〉 = 0 yields finally(
n+
5
2
)
φ(n)(x)− A(n)νν (x)− φ(n−2)(x) = 0,(
n+ k +
5
2
)
A(n)µ1...µk(x)−A(n)ννµ1...µk(x)− A(n−2)µ1...µk(x) = 0, k ≥ 1.
(7.22)
It remains to investigate what these relations actually imply for the true
spacetime wavefunctions (see subsection 7.1).
7.3 Quantization of the simple free Ξ = 0 model
The constraints for the simple free Ξ = 0 model considered in section 6 (see
also appendix A.4) are here combined into the Gupta-Bleuler operators
G0 ≡ 2χˆ1 = p2,
G1 ≡ 1√
2
(χˆ4 + iχˆ3) = p · a. (7.23)
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As expected the constraints G0|ψ〉 = 0 and G1|ψ〉 = 0 now yield massless
Klein-Gordon equations and Lorentz like conditions
∂2φ(n)(x) = 0, ∂2A(n)µ1...µk = 0,
∂νA(n)νµ1...µk = 0, k ≥ 1. (7.24)
These equations imply the same equations for the true spacetime func-
tions whatever way they are defined.
7.4 Quantization of the extended free Ξ = 0 model
Let us consider the extended free Ξ = 0 representation consisting of the
constraints χˆ1, . . . , χˆ5 with the additional constraint χˆ8. This model was
studied in section 6 (see also appendix A.5). The Gupta-Bleuler constraint
operators are here chosen to be
G0 ≡ 2χˆ1 = p2,
G1 ≡ 1√
2
(χˆ4 + iχˆ3) = p · a,
G3 ≡ χˆ2 + χˆ8 = a†a+ 2− 1
2
(e2 + ω2),
G4 ≡ 1
2
(χˆ8 − χˆ2 + iχˆ5) = a2 + 1
2
(e2 − ω2)− i
2
(ωe+ eω), (7.25)
satisfying the algebra
[G1, G3] = G1, [G3, G4] = −2G4. (7.26)
Using the Fock ansatz (7.11), G0|ψ〉 = 0 and G1|ψ〉 = 0 yield the Klein-
Gordon field equations and the Lorentz conditions in (7.24). Restrictions on
the fields are obtained by the conditions from G3|ψ〉 = 0 given by
2φ(n)(x)− 1
2
φ(n−2)(x) +
1
2
(n+ 2)(n+ 1)φ(n+2)(x) = 0,
(k + 2)A(n)µ1...µk(x)−
1
2
A(n−2)µ1...µk(x) +
1
2
(n+ 2)(n+ 1)A(n+2)µ1...µk(x) = 0, k ≥ 1.
(7.27)
Furthermore, from G4|ψ〉 = 0 we find
A(n)νν (x) +
1
2
φ(n−2)(x) +
1
2
(n+ 2)(n+ 1)φ(n+2)(x)− (n+ 1
2
)φ(n)(x) = 0,
A(n)ννµ1...µk(x) +
1
2
A(n−2)µ1...µk(x) +
1
2
(n+ 2)(n+ 1)A(n+2)µ1...µk(x)−
−(n+ 1
2
)A(n)µ1...µk(x) = 0, k ≥ 1. (7.28)
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Again it remains to investigate the implications of these equations for the
true spacetime wave functions.
In general for representations with p2 = 0 and w2 = 0 we may construct
a covariant helicity operator λ from wµ + λpµ = 0. However, just in the
particular case when the internal variable is a bosonic oscillator aµ this is
not possible (see section 5 in [14]).
7.5 Quantization of the free pseudoclassical model
There are problems to quantize the main pseudoclassical model given in
subsection 4.1 according to the Gupta-Bleuler scheme. The problem lies in
the quantum constraint χˆs7 which satisfies the relation (χˆ
s
7)
2 = χˆs2. We do
not know how it should fit into a choice of Gupta-Bleuler constraints. We
expect that a BRST treatment should solve this dilemma. However, without
doing the appropriate analysis we are unable to guess a possible solution.
Without the χˆs7-constraint the Gupta-Bleuler quantization is straight-
forward. We may then choose the Gupta-Bleuler constraints as follows
Gs0 ≡ 2χˆs1 = p2,
Gs1 ≡
1√
2
(χˆs4 + iχˆ
s
3) = p · a,
Gs2 ≡ 2χˆs2 − iχˆs5,
Gs5 ≡ χˆs6 = p · ψ. (7.29)
The basic ansatz for the states are here (cf (7.11))
|ψ〉 =
∞∑
n=−∞
∞∑
k=1
4∑
α=1
1
k!
A(n)αµ1µ2···µk(x)|α, n〉µ1µ2···µk +
∞∑
n=−∞
4∑
α=1
φ(n)α (x)|α, n〉,
|α, n〉µ1µ2···µk ≡ aµ1†aµ2† · · ·aµk†|α, n〉, |α, n〉 ≡ |α〉|0〉|0〉p|n〉, (7.30)
where α is a spinor index. |α〉 is a spinor state built from ψµ (see e.g. the
appendix in [15]).
Gsr|ψ〉 = 0 lead to the same equations as in subsection 7.2 except that
all fields here have a spinor index. In addition Gs5|ψ〉 = 0 implies the Dirac
equations
γν∂νφ
(n)(x) = 0, γν∂νA
(n)
µ1...µk
(x) = 0, k ≥ 1. (7.31)
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7.6 Quantization of the simple free pseudoclassical
Ξ = 0 model
The Gupta-Bleuler quantization for the simple free pseudoclassical model
with Ξ = 0 (considered in section 6 and appendix B.4) is based on the
constraint operators
Gs0 ≡ 2χˆs1 = p2,
Gs1 ≡
1√
2
(χˆs4 + iχˆ
s
3) = p · a,
Gs5 ≡ χˆs6 = p · ψ, (7.32)
with the algebra
[Gs5, G
s
5] = G
s
0. (7.33)
The state ansatz is also here given by (7.30). The resulting equations are
then the ones in (7.24) with a spinor index on the wave functions together
with the Dirac like equations (7.31).
7.7 Quantization of the extended free pseudoclassical
Ξ = 0 model
Next we turn to the free extended pseudoclassical model with Ξ = 0 consid-
ered in section 4.1 (see also appendix B.5). The constraint operators for a
Gupta-Bleuler quantization may here be chosen to be
Gs0 ≡ 2χˆs1 = p2,
Gs1 ≡
1√
2
(χˆs4 + iχˆ
s
3) = p · a,
Gs3 ≡ χˆs2 + χˆs8 = a†a + 2−
1
2
(e2 + ω2),
Gs4 ≡
1
2
(χˆs8 − χˆs2 + iχˆs5) = a2 +
1
2
(e2 − ω2)− i
2
(ωe+ eω),
Gs5 ≡ χˆs6 = p · ψ,
Gs6 ≡
1√
2
(χˆs9 + iχˆ
s
7) = a · ψ +
1√
2
(ωθ + ieθ), (7.34)
satisfying the Lie algebra,
[Gs1, G
s
3] = G
s
1, [G
s
3, G
s
4] = −2Gs4, [Gs5, Gs5] = 2Gs0,
[Gs5, G
s
6] = G
s
1, [G
s
6, G
s
6] = 2G
s
4, [G
s
6, G
s
3] = G
s
6. (7.35)
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In order to quantize this pseudoclassical model we need a representation of
the odd hermitian operator θ in Gs6 introduced in section 4.1. We may write
such a state representation in terms of one Grassmann even | 〉e and one
Grassmann odd state | 〉o related by either of the following two choices
i) θ| 〉e = i| 〉o, θ| 〉o = i| 〉e,
ii) θ| 〉e = −i| 〉o, θ| 〉o = −i| 〉e. (7.36)
Let us focus on the first choice and let
(| 〉e)† = e〈 |, (| 〉o)† = o〈 |, (7.37)
and
e〈 | 〉o = o〈 | 〉e = 0,
e〈 | 〉e = o〈 | 〉o = 1
2
. (7.38)
In terms of these states we define the two states |i〉, i = 1, 2, by
|1〉 ≡ | 〉e + i| 〉o,
|2〉 ≡ | 〉e − i| 〉o, (7.39)
which from (7.38) satisfy the normalization
〈1|1〉 = 〈2|2〉 = 1,
〈1|2〉 = 〈2|1〉 = 0. (7.40)
We have then the following matrix representation of the operator θ,
〈i|θ|j〉 ∼
(
0 1
−1 0
)
. (7.41)
The state ansatz for the operators (7.34) is here given by
|ψ〉 =
∞∑
n=−∞
∞∑
k=1
4∑
α=1
2∑
i=1
1
k!
A(n,i)αµ1µ2···µk(x)|α, n, i〉µ1µ2···µk +
+
∞∑
n=−∞
4∑
α=1
2∑
i=1
φ(n,i)α (x)|α, n, i〉,
|α, n, i〉µ1µ2···µk ≡ aµ1†aµ2† · · · aµk†|α, n, i〉,
|α, n, i〉 ≡ |α〉|0〉|0〉p|n〉|i〉. (7.42)
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G5|ψ〉 = 0 yields as before the massless Dirac like equation
γν∂νφ
(n,i) = 0, γν∂νA
(n,i)
µ1...µk
= 0, k ≥ 1, (7.43)
and in addition to the equations found before in (7.24), (7.27) and (7.28) with
spinor and i-indices we also have from G6|ψ〉 = 0 the equations (suppressing
spinor indices):
γνA(n,1)ν − (n+ 1)φ(n+1,2) + φ(n−1,2) = 0,
γνA(n,2)ν + (n+ 1)φ
(n+1,1) − φ(n−1,1) = 0,
γνA(n,1)νµ1···µk − (n+ 1)A(n+1,2)µ1···µk + A(n−1,2)µ1···µk = 0,
γνA(n,2)νµ1···µk + (n+ 1)A
(n+1,1)
µ1···µk
− A(n−1,1)µ1···µk = 0, k ≥ 1. (7.44)
8 Conclusions
We have reviewed the classical derivations of Poincare´ invariant massless
representations first given by Wigner and Bargmann with particular empha-
sis on the continuous spin representation which we prefer to call the infinite
spin representation or Wigner’s Ξ-representation. We have then derived clas-
sical particle models from these representations in the spirit of the general
procedure given in [14]. For Wigner’s Ξ-representation for integer spins we
have e.g. found a reparametrization invariant higher order geometrical the-
ory whose Lagrangian with gauge fixed time essentially is the model once
proposed by Zoller [7].
The mechanics of the derived models are rather peculiar since the velocity
x˙ in general is space-like (which is manifest in the extended Ξ = 0 model
in section 6). The models describe therefore tachyons. However, the models
describe not normal tachyons since they have light-like momenta p due to
the fact that p partly is proportional to the acceleration of the particle which
also is peculiar. Although these features do not prohibit the models from
being consistent as free particle models, they do cause problems when we
consider interactions. In fact, we have not found any consistent interactions
with an external vector field and not with general gravity. However, con-
sistent models may at least for Ξ = 0 be defined on (anti)de Sitter space.
The interaction problems found here might be connected to the problems to
construct interacting higher spin fields ( [16], see also [17] for recent reviews).
This remains to be investigated.
We propose that the free particle models may be consistently quantized.
The appropriate framework for this is the BRST quantization. We believe
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that such a quantization is inconsistent with the Dirac quantization used in
the present as well as the original derivations of the representations. We give
two covariant treatments of the equations from the Dirac quantization which
are found inconsistent. (Negative results are also found in [12] using a non-
covariant treatment.) We consider, therefore, a Gupta-Bleuler quantization
which we expect to be closer to a correct BRST treatment. In this way we
have, indeed, found consistent sets of covariant equations for most models
which look like reducible higher spin equations. A peculiar feature is that
we have a dynamical einbein variable in the models. Since it is unclear how
they should be treated and interpreted we have not analysed the resulting
equations in detail. It is suggested that the einbein variable might be treated
as an extra dimension in the fields.
Acknowledgement: We would like to thank Lars Brink for initiating this
work.
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A Constraints and their algebras in the con-
sidered classical models
In this appendix we list the constraints and their Poisson algebras (the nonzero
part) for the classical models of infinite spin particles considered in the text.
A.1 The free theory (sect. 3.1)
Constraints Poisson algebra
χ1 ≡ 12p2 {χ4, χ2} = χ3
χ2 ≡ 12
(
pi2 − e2) {χ4, χ3} = 2χ1
χ3 ≡ p · pi {χ5, χ2} = 2χ2
χ4 ≡ p · ξ − 1eΞ {χ5, χ4} = −χ4
χ5 ≡ pi · ξ − ωe {χ5, χ3} = χ3
This is a consistent higher order model where the Lagrangian L is given in (3.12)
and the Hamiltonian H = χ4.
A.2 Interaction with an external vector field Aµ(x)
(sect. 5.1)
Constraints Poisson algebra
χa1 ≡ 12(Λa)2 + 14Fµν(x)(ξµpiν − ξνpiµ) {χa4, χa2} = χa3
χa2 ≡ 12
(
pi2 − e2) {χa4, χa3} = 2χa1
χa3 ≡ Λa · pi {χa5, χa2} = 2χa2
χa4 ≡ Λa · ξ − 1eΞ {χa5, χa4} = −χa4
χa5 ≡ pi · ξ − ωe {χa5, χa3} = χa3
where Λaµ ≡ pµ −Aµ(x) and Fµν ≡ ∂µAν − ∂νAµ. L is given in (5.1) and H = χa4.
This model is not consistent since the expressions {χa1, χa4} in (5.8), and {χa1, χa3}
in (5.9) do not vanish for non-trivial Aµ(x).
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A.3 Interaction with an external gravitational field gµν(x)
(sect. 5.2)
Constraints Poisson algebra
χg1 ≡ 12(ΛgρgρσΛgσ − piρpiσgσγRραβγξαξβ) {χg4, χg2} = χg3
χg2 ≡ 12
(
piµg
µνpiν − e2
) {χg4, χg3} = 2χg1
χg3 ≡ Λgµgµνpiν {χg5, χg2} = 2χg2
χg4 ≡ Λgµξµ − 1eΞ {χg5, χg4} = −χg4
χg5 ≡ piµξµ − ωe {χg5, χg3} = χg3
where Λgµ ≡ pµ − piνΓνµλξλ. This model is not consistent since the expressions
{χg1, χg4} in (5.28), and {χg1, χg3} in (5.29) do not vanish for non-trivial gµν(x). L
is given in (5.16) and H = χg4.
A.3.1 Ξ = 0 representation in (anti)de Sitter spacetime (sect. 5.3)
In (anti)de Sitter spacetime, where Rµαβγ = K
(
gαβgµγ − gαγgβµ
)
, the model A.3
is consistent for Ξ = 0 since Dirac’s consistency condition χ˙ds1 = 0 then is satisfied
(see (5.52)). In this case the above nonvanishing brackets become linear in the
constraints.
A.4 Simple free Ξ = 0 representation (sect. 6)
Constraints Poisson algebra
χ1 ≡ 12p2 {χ4, χ3} = 2χ1
χ3 ≡ p · pi
χ4 ≡ p · ξ
This is a consistent minimal model which, however, is not a higher order model.
L is given in (6.4) and H in (6.2). If we add a constraint like χ2 ≡ 12
(
pi2 − 1) the
resulting model is also consistent. In a way it is contained in the consistent free
model A.1 for Ξ = 0 which is a higher order model.
A.5 Extended free Ξ = 0 representation (sect. 6)
Constraints Poisson algebra
χ1 ≡ 12p2 {χ4, χ2} = χ3 {χ8, χ3} = χ4
χ2 ≡ 12
(
pi2 − e2) {χ4, χ3} = 2χ1 {χ8, χ5} = 2χ8
χ3 ≡ p · pi {χ5, χ2} = 2χ2
χ4 ≡ p · ξ {χ5, χ4} = −χ4
χ5 ≡ pi · ξ − ωe {χ5, χ3} = χ3
χ8 ≡ 12
(
ξ2 − ω2) {χ8, χ2} = χ5
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This is a consistent model which, however, not seems to be derivable from a higher
order model. L is given in (6.10) and H in (6.9)
B Constraints and their algebras in the con-
sidered pseudoclassical models
Here we list the constraints and their Poisson algebras (the nonzero part) for the
various pseudoclassical models of infinite spin particles considered in the text.
B.1 The free theory (sect. 4.1)
Constraints Poisson algebra
χs1 ≡ 12p2 {χs4, χs2} = χs3 {χs7, χs4} = −χs6
χs2 ≡ 12
(
pi2 − e2) {χs4, χs3} = 2χs1 {χs7, χs5} = −χs7
χs3 ≡ p · pi {χs5, χs2} = 2χs2 {χs7, χs7} = −2iχs2
χs4 ≡ p · ξ − 1eΞ {χs5, χs3} = χs3
χs5 ≡ pi · ξ − ωe {χs5, χs4} = −χs4
χs6 ≡ p · ψ {χs6, χs6} = −2iχs1
χs7 ≡ pi · ψ + eθ {χs6, χs7} = −iχs3
This is a consistent higher order model where the Lagrangian L is given in (4.16)
and H = χs4.
B.2 Interaction with an external vector field Aµ(x)
(sect. 5.1.1)
Constraints Poisson algebra
χsa1 ≡ 12(Λsa)2 + 14Fµν(x)(ξµpiν − ξνpiµ) {χsa4 , χsa2 } = χsa3 {χsa7 , χsa4 } = −χsa6
χsa2 ≡ 12
(
pi2 − e2) {χsa4 , χsa3 } = 2χsa1 {χsa7 , χsa5 } = −χsa7
χsa3 ≡ Λsa · pi {χsa5 , χsa2 } = 2χsa2 {χsa7 , χsa7 } = −2iχsa2
χsa4 ≡ Λsa · ξ − 1eΞ {χsa5 , χsa3 } = χsa3
χsa5 ≡ pi · ξ − ωe {χsa5 , χsa4 } = −χsa4
χsa6 ≡ Λsa · ψ {χsa6 , χsa6 } = −2iχsa1 +R
χsa7 ≡ pi · ψ + eθ {χsa6 , χsa7 } = −iχsa3
where Λsaµ ≡ pµ−Aµ(x) and Fµν ≡ ∂µAν−∂νAµ. This model is not consistent since
the expressions R above and {χsa1 , χsa4 }, {χsa1 , χsa3 }, {χsa6 , χsa4 }, {χsa1 , χsa6 }, {χsa1 , χsa7 }, and
{χsa6 , χsa3 }, in (5.8),(5.9), (5.14), and (5.15) do not vanish for non-trivial external
field Aµ(x). L is given in (5.11) and H = χ
sa
4 .
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B.3 Interaction with an external gravitational field gµν(x)
(sect. 5.2.1)
Constraints Poisson algebra
χsg1 ≡ 12(Λsgρ gρσΛsgσ − piρpiσgσγRραβγξαξβ+ i2ψaψbRabµνξµgνλpiλ)
χsg2 ≡ 12
(
piµg
µνpiν − e2
) {χsg4 , χsg2 } = χsg3 {χsg7 , χsg4 } = −χsg6
χsg3 ≡ Λsgµgµνpiν {χsg4 , χsg3 } = 2χsg1 {χsg7 , χsg5 } = −χsg7
χsg4 ≡ Λsgµξµ − 1eΞ {χsg5 , χsg2 } = 2χsg2 {χsg7 , χsg7 } = −2iχsg2
χsg5 ≡ piµξµ − ωe {χsg5 , χsg3 } = χsg3 {χsg7 , χsg6 } = −iχsg3
χsg6 ≡ ΛsgµV µa ψa {χsg5 , χsg4 } = −χsg4
χsg7 ≡ piµV µa ψa + eθ {χsg6 , χsg6 } = −2iχsg1 +iR3
where Λsgµ ≡ pµ − piνΓνµλξλ − i2ψaωabµψb. This is not a consistent model since R3
above and the Poisson brackets {χsa1 , χsa4 }, {χsg1 , χsg3 }, {χsg6 , χsg4 }, {χsg1 , χsg6 }, {χsg1 , χsg7 },
and {χsg6 , χsg3 } in (5.43)-(5.49) do not vanish for nontrivial external fields. L is given
in (5.32) and H = χsg4 .
B.3.1 Ξ = 0 representation in (anti)de Sitter spacetime (sect. 5.3)
In (anti)de Sitter spacetime Dirac’s consistency conditions in B.3 lead to the condi-
tion Ξ = 0 and two new constraints: χsds8 ≡ 12
(
ξµgµνξ
ν−ω2) and χsds9 ≡ ξµV µa ψa+ωθ.
The above nonvanishing Poisson brackets, as well as the remaining Poisson brack-
ets involving χsds8 and χ
sds
9 , become linear expressions in the constraints. The model
is a consistent higher order model! (The gauge group is however not a Lie group.)
B.4 Simple free Ξ = 0 representation (sect. 6)
Constraints Poisson algebra
χs1 ≡ 12p2 {χs4, χs3} = 2χs1
χs3 ≡ p · pi {χs6, χs6} = −2iχs1
χs4 ≡ p · ξ
χs6 ≡ p · ψ
This is a consistent minimal model which, however, is not a higher order model.
If we add a constraint like χs2 ≡ 12
(
pi2 − 1) the resulting model is also consistent.
If we furthermore add χs7 = pi · ψ + θ we again have consistency. In a way we
have then arrived at a model contained in the consistent free model B.1 for Ξ = 0,
which is a higher order model.
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B.5 Extended free Ξ = 0 representation (sect. 6)
Constraints Poisson algebra
χs1 ≡ 12p2 {χs4, χs2} = χs3 {χs7, χs7} = −2iχs2 {χs9, χs9} = −2iχs8
χs2 ≡ 12
(
pi2 − e2) {χs4, χs3} = 2χs1 {χs8, χs2} = χs5 {χs8, χs7} = χs9
χs3 ≡ p · pi {χs5, χs2} = 2χs2 {χs8, χs3} = χs4
χs4 ≡ p · ξ {χs5, χs3} = χs3 {χs8, χs5} = 2χs8
χs5 ≡ pi · ξ − ωe {χs5, χs4} = −χs4 {χs9, χs2} = χs7
χs6 ≡ p · ψ {χs6, χs6} = −2iχs1 {χs9, χs3} = χs6
χs7 ≡ pi · ψ + eθ {χs6, χs7} = −iχs3 {χs9, χs5} = χs9
χs8 ≡ 12
(
ξ2 − ω2) {χs7, χs4} = −χs6 {χs9, χs6} = −iχs4
χs9 ≡ ξµψµ + ωθ {χs7, χs5} = −χs7 {χs9, χs7} = −iχs5
This is a consistent model which, however, not seems to be derivable from a higher
order model. (It looks like a flat, free version of B.3.1.)
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